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Oriented involutions and group identities
on symmetric units of group algebras
Alexander Holgu´ın-Villa ∗ †
Abstract
Let FG denote the group algebra of the locally finite group G over the infinite
field F with char(F) 6= 2, and let ⊛ : FG → FG denote the involution defined by
α = Σαgg 7→ α
⊛ = Σαgσ(g)g
∗, where σ : G→ {±1} is a group homomorphism (called
an orientation) and ∗ is an involution of the group G. In this paper we prove, under
some assumptions, that if the ⊛-symmetric units of FG satisfies a group identity then
FG satisfies a polynomial identity, i.e., we give an affirmative answer to a Conjecture
of B. Hartley in this setting. Moreover, in the case when the prime radical η(FG) of
FG is nilpotent we characterize the groups for which the symmetric units U+(FG) do
satisfy a group identity.
1 Introduction
Let FG denote the group algebra of the group G over of the field F. Any involution
∗ : G → G can be extended F-linearly to an algebra involution of FG. Such a map is
called a group involution of FG. A natural example is the so-called classical involution,
which is induced from the map g 7→ g∗ = g−1, for all g ∈ G.
Let σ : G → {±1} be a non-trivial homomorphism (called an orientation of G). If
∗ : G→ G is a group involution, an oriented group involution of FG is defined by
α =
∑
g∈G
αgg 7→ α
⊛ =
∑
g∈G
αgσ(g)g
∗. (1)
Notice that, as σ is non-trivial, char(F) must be different from 2. It is clear that,
α 7→ α⊛ is an involution in FG if and only if gg∗ ∈ N = ker(σ) for all g ∈ G.
In the case when the involution on G is the classical involution, the map ⊛ is precisely
the oriented involution introduced by S. P. Novikov, [17], in the context of K-theory.
We denote FG+ = {α ∈ FG : α⊛ = α} the set of symmetric elements of FG under
⊛ and, writing U(FG) for the group of units of FG, we let U+(FG) denote the set of
symmetric units, i.e., U+(FG) = {α ∈ U(FG) : α⊛ = α}.
A conjecture of Brian Hartley states that if the unit group U(FG) of the group algebra
FG of a torsion group G over a field F satisfies a group identity, then FG satisfies a
polynomial identity. Let 〈x1, x2, ...〉 be the free group on a countable set of generators. If
H is any subset of a group G, we say that H satisfies a group identity (H ∈ GI or H is
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GI for short) if there exists a non-trivial reduced word ω(x1, x2, ..., xn) ∈ 〈x1, x2, ...〉 such
that ω(h1, h2, ..., hn) = 1 for all hi ∈ H.
Let R be an F-algebra. Recall that a subset S of R satisfies a polynomial identity (S ∈
PI or S is PI) if there exists a non-zero polynomial f(x1, x2, .., xn) in the free associative
algebra F{X} on the set countably infinite of non-commuting variables X = {x1, x2, ...}
such that f(a1, ..., an) = 0 for all ai ∈ S. Group algebras FG satisfying a PI were classified
by Passman and Isaacs-Passman, (see [18, Corollaries 3.8 and 3.10]).
Giambruno, Jespers and Valenti [4] solved the conjecture for semiprime group rings,
and Giambruno, Sehgal and Valenti [8] solved it in general for group algebras over infinite
fields. By using the results of [8], Passman [19] gave necessary and sufficient conditions
for U(FG) to satisfy a group identity, when F infinite. Subsequently, Liu [15] confirmed
the conjecture for finite fields and Liu and Passman in [16] extended the results of [19]
to this case. The same question for groups with elements of infinite order was studied by
Giambruno, Sehgal and Valenti in [10]. For further details about these results, see G. Lee
[14, Chapter 1].
Let ∗ be an involution of a group G extended F-linearly to FG. Giambruno, Sehgal
and Valenti [9] showed that if G is a torsion group, F is infinite with char(F) 6= 2, and
U+(FG) satisfies a group identity then FG is PI. They also classified groups such that
U+(FG) is GI, in the case of the classical involution.
Considering group involutions, Dooms and Ruiz [3] proved the following.
Theorem 1.1. ([3, Theorem 3.1]) Let F be an infinite field with char(F) 6= 2 and let G be
a non-abelian group such that FG is regular. Let ∗ be an involution on G. Suppose one of
the following conditions holds:
(i) F is uncountable,
(ii) All finite non-abelian subgroups of G which are ∗-invariant have no simple compo-
nents in their group algebra over F that are non-commutative division algebras other
than quaternion algebras.
Then U+(FG) ∈ GI if and only if G is an SLC-group with canonical involution. More-
over, in this case FG+ is a ring contained in ζ(FG).
Using the last result and under some assumptions, Dooms and Ruiz proved that if
U+(FG) satisfies a group identity then FG is PI, giving an affirmative answer to the
Hartley’s Conjecture in this setting. They also characterized the groups for which the
symmetric units U+(FG) satisfy a group identity, when the prime radical η(FG) of FG
is nilpotent. Giambruno, Polcino Milies and Sehgal [7] completely characterized group
algebras of torsion groups, with group involutions such that U+(FG) is GI.
In this paper, we extend the results obtained by Dooms and Ruiz [3] to the case of
oriented group involutions.
A group G is an LC-group (a group with “limited commutativity” property) if it is
non-abelian and for any pair of elements g, h ∈ G, we have that gh = hg if and only if at
least one of g, h and gh is central in G. This family of groups was introduced by Goodaire.
By Goodaire et al. [11, Proposition III.3.6], a group G is an LC-group with a unique
non-trivial commutator s if and only if G/ζ(G) ∼= C2 × C2, where C2 is the cyclic group
of order 2. If G is endowed with involution ∗, then we say that G is a special LC-group,
or SLC-group, if it is an LC-group, it has a unique non-trivial commutator s and on such
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a group, the map ∗ is defined by
g∗ =
{
g, if g is central;
sg, otherwise.
(2)
We refer to this as the canonical involution on an SLC-group. For instance, if ∗ is the
classical involution, then it is easy to see that the SLC-groups are precisely the Hamiltonian
2-groups.
Throughout this paper F will always denote an infinite field with char(F) 6= 2, G a
group, ∗ and σ an involution and a non-trivial orientation of G, respectively. ⊛ will denote
an oriented group involution of FG given by expression (1).
2 Preliminaries and notations
Let R be a ring with involution ⋆. Let U(R) its group of units and U+(R) = U(R) ∩ R+
the set of symmetric units. It is well-known that central idempotents are very important
in the study of group identities. Moreover the following fact is proved:
Lemma 2.1. ([9, Theorem 2]) Let R be a semiprime ring with involution ⋆ such that
U+(R) is GI. Then every symmetric idempotent of R is central.
For a given prime p, an element x ∈ G will be a called a p-element if its order is a
power of p and it is called p′-element if its order is finite and, not divisible by p. Moreover,
a torsion subgroup H of G is a p′-subgroup if every element h ∈ H is a p′-element. We
agree that if p = 0 every torsion subgroup is a p′-subgroup.
An immediate consequence in the setting of group algebras of the Lemma 2.1 is the
following: Let F be a field with char(F) ≥ 0 and G a group such that FG is semiprime.
If U+(FG) is GI under classical involution, then every torsion p′-subgroup of G is normal
in G. This fact give important information on cyclic subgroups, a property which is lost
for a group involutions ∗, extended linearly to the group algebra FG. Semisimple algebras
whose units satisfy a GI were widely studied, see for instance [5, Theorem 1], [3, Theorem
2.2], [1, Theorem 3.1] and [7, Lemma 2.1].
The following three lemmas will be needed in the sequel:
Lemma 2.2. ([7, Lemma 2.1]) Let R be a finite dimensional semisimple algebra with
involution ⋆ over infinite field K, char(K) 6= 2. Suppose that U+(R) is GI. Then R
is a direct sum of simple algebras of dimension at most four over their centers and the
symmetric elements R+ are central in R, i.e.,
R ∼= D1 ⊕D2 ⊕ ...⊕Dk ⊕M2(F1)⊕M2(F2)⊕ ...⊕M2(Fl).
Lemma 2.3. ([3, Theorem 2.2]) Let R be a semisimple K-algebra with involution ⋆, where
K is an infinite field with char(K) 6= 2. Suppose one of the following conditions holds:
(i) K is uncountable,
(ii) R has no simple components that are non-commutative division algebras other than
quaternion algebras.
Then U+(R) ∈ GI if and only if R+ is central in R.
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Lemma 2.4. ([14, Lemma 2.3.5]) Suppose that R is an K-algebra with involution ⋆,
where char(K) 6= 2. Let I be a nil ideal ⋆-invariant. If U+(R) ∈ GI, then U+(R/I) ∈ GI.
Conversely, if p > 0, I is nil of bounded exponent and U+(R/I) ∈ GI, then U+(R) ∈ GI.
Remark 1. By [6, Lemma 2.4], under the assumptions of Lemma 2.3, it follows that
U+(R) ∈ GI is equivalent to R+ is Lie n-Engel, for some n.
We conclude this section with a result due to Jespers an Ruiz Mar´ın [13], where the
SLC groups arise naturally.
Lemma 2.5. ([13, Theorem 2.4]) Let F be a field with char(F) 6= 2 and let G be a group
with an involution ∗ extended F-linearly to FG. Then FG+ is commutative if and only if
G is abelian or an SLC group. In this case, FG+ = ζ(FG).
3 Results
We need the following results about group rings with an oriented group involution:
Lemma 3.1. ([2, Lemma 1.1]) Let R be a commutative ring with unity of characteristic
different from 2 and let G be a group with a non-trivial orientation σ and an involution ∗.
Suppose that RG+ is commutative under oriented group involution and let g ∈ (G\N)\G+,
h ∈ G. Then one of the following holds:
(i) gh = hg; or
(ii) char(R) = 4 and gh = g∗h∗ = hg∗ = h∗g.
Lemma 3.2. ([2, Theorem 2.2]) Let R be a commutative ring with unity of characteristic
different from 2 and let G be a non-abelian group with a non-trivial orientation σ and
an involution ∗. Then, RG+ is a commutative ring if and only if one of the following
conditions holds:
(i) N = ker(σ) is an abelian group and (G \N) ⊂ G+;
(ii) G and N have the LC-property, and there exists a unique non-trivial commutator s
such that the involution ∗ is given by
g∗ =
{
g, if g ∈ N ∩ ζ(G) or g ∈ (G \N) \ ζ(G);
sg, if otherwise.
(iii) char(R) = 4, G has the LC-property, and there exists a unique non-trivial commu-
tator s such that the involution ∗ is the canonical involution.
We will denote by (α, β) = α−1β−1αβ the multiplicative commutator of α, β ∈ U(FG).
Recursively, one defines (α1, α2, . . . , αn) = ((α1, α2, . . . , αn−1), αn) where α1, α2, . . . , αn ∈
U(FG).
Recall that a ring R with identity is said to be (von Neumann) regular if for any x ∈ R
there exists an y ∈ R such that xyx = x. Villamayor [20] showed that the group algebra
FG is regular if and only if G is locally finite and has no elements of order p in case F has
characteristic p > 0. Note that in this case FG is semiprime, [18, Theorem 4.2.13] and the
set of p-elements P is trivial (in case char(F) = 0, we agree that that P = 1).
We are now able to classify the groups with a regular group algebra over an infinite
field F with char(F) 6= 2 for which the ⊛-symmetric units satisfy a GI.
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Theorem 3.1. Let F be an infinite field with char(F) 6= 2 and let G be a non-abelian group
such that FG is regular. Let σ : G→ {±1} be a non-trivial orientation and an involution
∗ on G. Suppose one of the following conditions holds:
(i) F is uncountable,
(ii) All finite non-abelian subgroups of G which are ∗-invariant have no simple compo-
nents in their group algebra over F that are non-commutative division algebras other
than quaternion algebras.
Then U+(FG) ∈ GI if and only if one of the following conditions holds:
1. N = ker(σ) is an abelian group and (G \N) ⊂ G+;
2. G and N have the LC-property, and there exists a unique non-trivial commutator s
such that the involution ∗ is given by
g∗ =
{
g, if g ∈ N ∩ ζ(G) or g ∈ (G \N) \ ζ(G);
sg, if otherwise.
(3)
Consequently, U+(FG) ∈ GI if and only if U+(FG) is an abelian group.
Proof. Assume that U+(FG) ∈ GI and let N = ker(σ). Then U+(FN) ∈ GI. Hence, by
Theorem 1.1, we have two possibilities for N ; either
(A) N is an abelian group; or
(B) N has the LC -property, and there exists a unique non-trivial commutator s such
that the involution ∗ in N , is the canonical involution.
Now, let g, h ∈ G\ζ(G). Consider the collection {Hi}i≥1 of all finite subgroups of G which
are ∗-invariant and contain g and h. It is clear that G =
⋃
iHi and that U
+(FHi) ∈ GI.
Since FG is regular, we have that all FHi are semisimple.
Set σi = σ|Hi and let Ni = ker(σi). By Lemma 2.3, FH
+
i is central in FHi for all i,
and applying the Lemma 3.2, one of the following conditions holds:
(a) Ni is an abelian group and (Hi \Ni) ⊂ H
+
i ; or
(b) Hi and Ni have the LC -property, and there exists a unique non-trivial commutator
s such that the involution ∗ is as given in the statement.
If s is not a unique non-trivial commutator of G, then there exist x, y ∈ G such that
(x, y) 6= s. But x, y ∈ Hi, for some i, for instance, Hi = 〈x, y, g, h, x
∗, y∗, g∗, h∗〉. Therefore
(x, y) = (g, h) = s, a contradiction.
It is easy to see that, N = ker(σ) =
⋃
iNi =
⋃
i ker(σi) and
⋃
i(Hi \ Ni) = (G \ N)
and hence we have (1).
Claim: For all i such that (Hi \ Ni) * H
+
i , ζ(Ni) = Ni ∩ ζ(Hi). In fact, we have
showed above that for all i, FH+i is a commutative ring. Let h ∈ Hi \ Ni. If h is not
central then, there exists g ∈ Hi such that hg 6= gh and by Lemma 3.1, it follows that
h ∈ H+i . If h is central, take x ∈ Ni \ ζ(Ni). Then xh ∈ (Hi \Ni) \ ζ(Hi) and again, as
above xh ∈ H+i . Therefore, xh = (xh)
∗ = h∗x∗ = sh∗x, i.e., h∗ = sh.
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Now, let x ∈ ζ(Ni)\ζ(Hi). Then, there exists y ∈ Hi\Ni such that xy 6= yx and y
∗ = y.
Since FN+i is commutative, for all i, we have that x
∗ = x. Thus xy ∈ (Hi \ Ni) \ ζ(Hi)
and again, by Lemma 3.1, xy ∈ H+i . Therefore xy = (xy)
∗ = y∗x∗ = yx, a contradiction.
Hence ζ(Ni) = Ni ∩ ζ(Hi).
Condition (b) above implies that for all i, H+i = ζ(Ni) ∪ [(Hi \Ni) \ ζ(Hi)]. Now, it
is clear that ζ(G) ⊆
⋃
i ζ(Hi). When x ∈
⋃
i ζ(Hi), then x ∈ ζ(Hj) for some j and hence,
xg = gx where g ∈ G \ ζ(G) is arbitrary, i.e., x ∈ ζ(G) and ζ(G) =
⋃
i ζ(Hi).
Therefore ∗ : G→ G is as given in the statement, and (2) holds.
The converse is clear, because conditions (1) and (2) by Lemma 3.2 imply that FG+
is commutative and hence, (u, v) = 1 is a GI for U+(FG).
The last assertion is now clear.
The next lemma which we need is proved in [6, Lemma 2.6].
Lemma 3.3. Let F be a field with char(F) = p > 2, G a finite group and J the Jacobson
radical of FG. Suppose that FG/J is isomorphic to a direct sum of simple algebras of
dimension at most four over their centers. Then the set P of p-elements of G is a subgroup.
To handle group algebras which are not necessarily regular, we need the following
two lemmas which are the natural extensions of known results. As usual, for a normal
subgroup H of G we denote by ∆(G,H) the kernel of the map FG
Ψ
→ F(G/H) defined by
∑
g∈G
αgg 7→
∑
g∈G
αggH
and ∆(G,G) = ∆(G) is the augmentation ideal.
Lemma 3.4. Let G be a locally finite group and char(F) = p 6= 2. If U+(FG) ∈ GI, then
the set P of p-elements of G is a subgroup.
Proof. Let g, h ∈ P and let H = 〈g, h, g∗ , h∗〉. Since G is locally finite, then H is finite.
Moreover, H is ∗-invariant and H ⊂ N = ker(σ) (every element x ∈ H has odd order).
Since FH is a finite dimensional algebra the Jacobson radical J is nilpotent. Let R =
FH/J . Then R is semisimple and, by Lemma 2.4, U+(R) satisfies a group identity. Hence
by Lemma 2.2, R is a direct sum of simple algebras of dimension at most four over their
centers. Finally, the lemma above shows that P is a subgroup.
Lemma 3.5. Let F be a field with char(F) = p > 2 and G a group such that U+(FG)
satisfies a GI ω(x1, ..., xn) = 1, under an oriented group involution ⊛. If H is a normal
∗-invariant p-subgroup of G, and either H is finite or G is locally finite, then U+(F(G/H))
satisfies ω(x1, ..., xn) = 1.
Proof. Since H is a p-subgroup, then H ⊂ N and hence H is ⊛-invariant.
If H is finite, then by [14, Lemma 1.1.1], ∆(G,H) is nilpotent. If G is locally finite,
then for every n-tuple α1, ..., αn in FG, set G1 = 〈Supp(αi), Supp((αi)−1)〉 and taking
H1 = G1 ∩H we have again by [14, Lemma 1.1.1] that ∆(G,H1) is nilpotent.
Now F(G/H) ∼= FG/∆(G,H) and the epimorphism FG → F(G/H) induces an epi-
morphism U+(FG) → U+(F(G/H)). By Lemma 2.4, we have that U+(F(G/H)) satisfies
a GI.
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Now we obtain a result about group algebras which are not regular:
Theorem 3.2. Let g 7→ g∗ be an involution on a locally finite group G, σ : G → {±1}
a non-trivial orientation with N = ker(σ) and F an infinite field with char(F) = p 6= 2.
Suppose that U+(FG) ∈ GI and that one of the following conditions holds:
(i) F is uncountable,
(ii) All finite non-abelian subgroups of G/P which are ∗-invariant have no simple com-
ponents in their group algebra over F that are non-commutative division algebras
other than quaternion algebras,
then we have that
1. G = G/P is abelian, or
2. N = N/P = ker(σ) is abelian and (G \N) ⊂ G+, or
3. G and N have the LC-property and there exists a unique non-trivial commutator s
such that the involution ∗ in G is given by
g∗ =
{
g, if g ∈ N ∩ ζ(G) or g ∈ (G \N) \ ζ(G);
sg, if otherwise.
(4)
Moreover, FG ∈ PI.
Proof. By Lemma 3.4, we have that P is a normal subgroup of G and by Lemma 3.5
U+(F(G/P )) is GI. Since F(G/P ) is regular, it follows that either G/P is abelian, or N
and G satisfy one of the conditions of Theorem 3.1 and the involution ∗ : G → G is as
given in the statement. Moreover, F(G/P )+ is central in F(G/P ) and thus F(G/P ) is
PI. Since F(G/P ) ∼= FG/∆(G,P ) and ∆(G,P ) is a nil subring of FG ⊛-invariant, by [9,
Remark 2] we have that ∆(G,P ) is PI. Hence, FG is also PI.
To obtain sufficient conditions for locally finite groups G such that U+(FG) ∈ GI, we
need the following lemma:
Lemma 3.6. Let F be a field with char(F) = p 6= 2. Let G be a locally finite group with
an involution ∗ and a non-trivial orientation σ. If P is a subgroup of bounded exponent,
and either G/P is abelian, or G/P and N/P are as in Theorem 3.1, then U+(FG) ∈ GI.
Proof. Suppose P is a subgroup of bounded exponent and that N/P , G/P , ∗ and σ are as
in the statement. Then by Lemma 3.2, U+(FG) is abelian. Hence (U+(FG),U+(FG)) ⊂
1+∆(G,P ). Now ∆(G,P ) is nil of bounded exponent and thus (U+(FG),U+(FG))p
n
= 1
for some n ≥ 0. Hence U+(FG) ∈ GI.
For g ∈ G, let CG(g) = {h ∈ G : hg = gh} be the centralizer of g in G. Set Φ(G) =
{g ∈ G : [G : CG(g)] <∞} the finite conjugacy subgroup of G and Φp(G) = 〈P ∩ Φ(G)〉.
Theorem 3.3. Let g 7→ g∗ be an involution on a locally finite group G, σ : G → {±1}
a non-trivial orientation and F an infinite field with char(F) = p 6= 2. Suppose that the
prime radical η(FG) of FG is a nilpotent ideal and that one of the following conditions
holds:
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(i) F is uncountable,
(ii) All finite non-abelian subgroups of G/P which are ∗-invariant have no simple com-
ponents in their group algebra over F that are non-commutative division algebras
other than quaternion algebras.
Then U+(FG) ∈ GI if and only if P is a finite normal subgroup and G/P is abelian or
G/P and N/P are as in the Theorem 3.1.
Proof. Suppose that U+(FG) ∈ GI, then by Lemma 3.4 we have that P is a normal
subgroup. Now, by Theorem 3.2, either G/P is abelian or G/P and N/P are as in
Theorem 3.1 and hence, FG ∈ PI. Thus by [19, Theorem 5.2.14], [G : Φ(G)] < ∞ e
|Φ′(G)| <∞. Since η(FG) is nilpotent [19, Theorem 8.1.12] gives that Φp(G) = P ∩Φ(G)
is a finite normal p-subgroup. As PΦ(G)/Φ(G) ∼= P/P ∩ Φ(G) is finite, then P is finite.
Now, the converse is clear by Lemma 3.6.
As a corollary following the arguments in Dooms and Ruiz [3, Corollary 3.7], we obtain
a characterization of the locally finite groups with semiprime group algebra such that the
set of ⊛-symmetric units is GI.
Corollary 3.1. Let g 7→ g∗ be an involution on a locally finite group G, σ : G → {±1}
a non-trivial orientation and F an infinite field with char(F) = p 6= 2 such that FG is
semiprime. Suppose one of the following conditions holds:
(i) F is uncountable,
(ii) All finite non-abelian subgroups of G/P which are ∗-invariant have no simple com-
ponents in their group algebra over F that are non-commutative division algebras
other than quaternion algebras.
Then U+(FG) ∈ GI if and only if either G/P is abelian or G/P and N/P are as in
Theorem 3.1.
Proof. Suppose U+(FG) ∈ GI, then following the lines of the proof of Theorem 3.3, FG
is semiprime PI. Hence by [19, Theorem 4.2.13] Φp(G) = 1 and by previous proof, we get
that P = 1. Thus FG is regular, and the result follows from Theorem 3.1.
References
[1] O. Broche Cristo, A. Dooms and M. Ruiz. Unitary units satisfying a group identity,
Comm. Algebra 37 (2009):1729-1738.
[2] O. Broche Cristo, C. Polcino Milies, Symmetric elements under oriented involutions
in group rings, Comm. Algebra 34 (2006):3347-3356.
[3] A. Dooms and M. Ruiz. Symmetric units satisfying a group identity, J. Algebra 308
(2007):742-750.
[4] A. Giambruno, E. Jespers and A. Valenti. Group identities on units of rings, Arch.
Math. 63 (1994):291-296.
8
[5] A. Giambruno and C. Polcino Milies. Unitary units and skew elements in group alge-
bras, Manuscripta Math. 111 (2003):195-209.
[6] A. Giambruno, C. Polcino Milies, S. K. Sehgal, Lie properties of symmetric elements
in group rings, J. Algebra 321 (2009):890-902.
[7] A. Giambruno, C. Polcino Milies and S. K. Sehgal. Group identities on symmetric
units, J. Algebra 322 (2009):2801-2815.
[8] A. Giambruno, S. K. Sehgal and A. Valenti. Group algebras whose units satisfy a
group identity, Proc. Amer. Math. Soc. 125 (1997):629-634.
[9] A. Giambruno, S. K. Sehgal and A. Valenti. Symmetric units and group identities,
Manuscripta Math. 96 (1998):443-461.
[10] A. Giambruno, S. K. Sehgal and A. Valenti. Group identities on units of group alge-
bras, J. Algebra 226 (2000):488-504.
[11] E. G. Goodaire, E. Jespers and C. Polcino Milies. Alternative loop rings, North-
Holland, Amsterdam (1996).
[12] A. Holgu´ın-Villa. Involuc¸o˜es de grupo orientadas em a´lgebras de grupo, Tese de
Doutorado, Universidade de Sa˜o Paulo, Sa˜o Paulo, Brasil (2013).
[13] E. Jespers, M. Ruiz Mar´ın. On symmetric elements and symmetric units in group
rings, Comm. Algebra 34 (2006):727-736.
[14] G. T. Lee. Group identities on units and symmetric units of group rings, Algebra and
Applications, vol. 12, Springer-Verlag, London, (2010).
[15] C. H. Liu. Group algebras whit units satisfying a group identity, Proc. Amer. Math.
Soc. 127 (1999):327-336.
[16] C. H. Liu, D. S. Passman. Group algebras whit units satisfying a group identity II,
Proc. Amer. Math. Soc. 127 (1999):337-341.
[17] S. P. Novikov. Algebraic construction and properties of Hermitian analogs of K-theory
over rings with involution from the viewpoint of Hamiltonian formalism. Applications
to differential topology and the theory of characteristic classes. I. II. Izv. Akad. Nauk
SSSR Ser. Mat. 34 (1970):253-288; ibid 34 (1970):475-500.
[18] D. S. Passman. The algebraic structure of group rings, Pure and Applied Mathematics,
Wiley-Interscience [John Wiley & Sons], New York, (1977).
[19] D. S. Passman. Group algebras whose units satisfy a group identity II, Proc. Amer.
Math. Soc. 125 (1997):657-662.
[20] E. Villamayor. On weak dimension of algebras, Pac. J. Math. 9 (15959):941-951.
9
